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Li Tang

Abstract—A novel adaptive constraint control approach is
proposed for flexible riser systems characterized by uncertain
parameters and external disturbances, aimed at achieving the
desired transient performance. By combining Hamilton’s prin-
ciple with partial differential equations (PDEs), the physical
model is transformed into a dynamic model. Considering the
boundary position constraint, a boundary controller is built
using the tangent barrier Lyapunov function (BLF) to mitigate
vibrations. In order to ensure the convergence of the boundary
position error at a predetermined rate, the control approach
incorporates a performance function to attain the necessary
transient performance. An auxiliary term is defined to counteract
the impact of coupling terms that remain during the decoupling
process of PDEs. Finally, the above scheme is further validated
through MATLAB simulations.

Index Terms—Adaptive control, boundary position constraint,
partial differential equations (PDEs), tangent barrier Lyapunov
function (BLF), transient performance.

I. INTRODUCTION

N REAL-LIFE physical systems, uncertain disturbances
Igenerated by external environments inevitably, lead to
significant degradation of system performance. To address
this issue, various control methods are proposed, including
neural network control [1], [2], [3], [4], robust con-
trol [5], [6], fuzzy logic control [7], [8], and adaptive control
[9], [10], [11], [12]. For instance, in [2], a robust optimal
control method is designed for uncertain nonlinear systems
by integrating neural networks and adaptive critic techniques.
An embedded adaptive robust controller is proposed in [3]
to tackle trajectory tracking and stabilization issues for omni-
directional mobile platforms. In [5], a barrier sliding mode
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control scheme is explored to achieve asymptotic conver-
gence of states, addressing stability and full-state constraints.
Adaptive control, distinct from other control methods, ensures
system performance under uncertainty by providing appropri-
ate gains. Tong et al. [9] developed an adaptive fuzzy output
feedback control strategy for a MIMO nonlinear system with
unmeasurable states by merging adaptive back-stepping and
DSC technology. Under any switching condition, a simple
adaptive controller is proposed in [10] to achieve effective
tracking performance within a finite time. In [11], an adaptive
back-stepping consensus control for recursive neural networks
is explored for formation control. Tong et al. [12] proposed a
fuzzy observer utilizing an adaptive control scheme to estimate
unmeasurable states. For nonlinear multiagent systems, a
distributed adaptive control scheme is established in [13] to
mitigate the effects of time delays and noise. Hence, adaptive
control stands out as an effective tool for managing uncertain
systems.

When dealing with uncertainty through adaptive control,
it is crucial to consider the system’s constraints. Ignoring
these constraints can lead to reduced efficiency and even pose
safety risks. The barrier Lyapunov function (BLF) is com-
monly used to address constraint issues, including logarithmic
BLF [14], [15], tangent BLF [16], [17], [18], and integral
BLF [19]. In [20], a time-varying BLF is utilized to ensure
that the constrained subsystem states remain within the set
bounds. Logarithmic BLFs are employed in [14] and [15]
to handle state constraints. For strictly feedback nonlinear
systems, the control methods based on symmetric and asym-
metric tangent BLF in [21] ensure that the output constraints
are not exceeded. Compared to the conservative nature of
logarithmic BLF, tangent BLF offers less conservatism, thus
providing better control performance. Despite being widely
used in ordinary differential equations (ODEs), the application
of tangent BLF in partial differential equations (PDEs) remains
relatively limited due to their spatio-temporal coupling nature.

ODEs are often inadequate for capturing the dynamic
processes of industrial systems, whereas PDEs can more accu-
rately describe real systems. Boundary control [22], [23], [24]
or domain control [25], [26] is commonly used for modeling
practical systems. In [27], specific boundary control meth-
ods are designed for flexible riser systems to manage both
measurable and unmeasurable states, ensuring that the riser’s
elastic deflection remains within bounds. For the n-link robot
system in [28], a single-parameter adaptive boundary control
approach is adopted to address system parameter uncertainties
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and saturation constraints, thus avoiding the need to determine
uncertain parameter values. Vibration problems, which often
affect stability and operational accuracy in practical systems,
are managed differently depending on the control method.
Different from domain control, boundary control is widely
applied to achieve rapid attenuation of vibrations. The com-
plex external environment surrounding riser systems results
in intricate stress distributions and significant intervariable
coupling, thus greatly increasing the modeling complexity
of these systems. Therefore, this article considers boundary
control for flexible risers modeled using PDEs.

In industrial applications, it is essential to ensure the transient
performance regulation of maritime risers. This involves rapid
vessel positioning and the mitigation of system vibrations. Due
to parameter uncertainties and external disturbances, achieving
rapid convergence of position errors to the origin remains
a tough challenge for real systems described with PDEs. A
number of study findings concentrate on flexible structures.
In [29], a partially actuated gantry crane is engineered to
guarantee that errors converge to a minimal range close to zero
at a predetermined pace by altering the variables, taking into
account unmodeled dynamics and external disturbances. An
iterative learning control law is proposed for monitoring desired
trajectories in flexible robotic arm systems with output limits, as
discussed in [30]. Chen et al. [31] utilized an adaptive approach
to mitigate the cumulative impacts of disturbances and input
saturation on unidentified near-space spacecraft. This article
further investigates adaptive boundary control for flexible riser
systems to guarantee transient performance under unknown
external disturbances and state constraints.

The main contribution is as follows.

1) A novel adaptive boundary control method is proposed,
which ensures fast convergence of the boundary position
errors and suppresses boundary vibrations without vio-
lating constraint conditions. This method not only solves
the boundary constraint problem of flexible riser systems
but also ensures transient performance under parameter
uncertainties and external disturbances.

2) The tangent BLF is utilized to constrain the system
boundary position. To the best of our knowledge, control
methods for flexible riser systems based on tangent BLF
are relatively rare, primarily due to the inherent complex
spatio-temporal coupling in PDEs.

3) Compared with the control strategy proposed in [22],
which solely guarantees that system states meet the
constraint conditions and that closed-loop system signals
are bounded, we introduce a performance function that
facilitates a more rapid convergence of the boundary
position error to steady-state.

The remainder of this article is summarized in the following.
Section II describes the model of the riser system modeled
with PDE and the subsequent theory required. Section III
demonstrates the controller design and system stability anal-
ysis. Section IV presents the simulation examples. Finally,
Section V summarizes this article.

Notation 1: The symbol definitions are as follows (tak-
ing first-order derivatives as an example): w'(-) represents
aw(-)/dx, w(-) represents aw(-)/0t.
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Fig. 1. Structure of a flexible riser.

II. PDE MODELING AND PROBLEM FORMULATION

The flexible riser system is modeled in this section, which is
based on the typical characteristics of Euler-Bernoulli beams
and Hamilton’s principle. In the process of dynamic analysis,
the ship and riser in Fig. 1 are analyzed together with the
force.

The kinetic energy FEj is

N
E; = lMW(N, %+ l,o / W(s, 1)2ds (1)
2 2" Jo
where ¢ and s mean independent time and space variables,
respectively. The meanings of other symbols are the displace-
ment w(s, ) at s at ¢, ship mass M, riser length N and mass
of riser per unit length p.
The potential energy E), is

N
W (s, £)2ds )

1 N /" 2 1
E, = -EI w' (s, )°ds + =T
2 Jo 2 Jo
where, the tension force 7 and flexural stiffness EI.
W is the virtual work done by the disturbing riser as

N
W = f (f(s, 1) — cw(s, 1)dw(s, t)ds
0
+ (u(t) +d) — dsw(N, 1))w(N, 1) 3)

where f(s, ?) is the current distribution perturbation, u(f) is
the control input. dy and c are the ship and riser damping
coefficients, respectively.

The Hamiltonian’s principle ftllz (BEx — OEp + dW)dt=0,
which has the advantage of automatically generating bound-
ary conditions, is employed to derive the dynamic model.
Applying the variational operator and integrating (1)—(3)
in fractions, respectively. We get the kinetic energy

Ej as
%) %) 1
/ SEpdt = / 8<—MW(N, t)2>dt
5] 5] 2

%) 1 N
n / 8(—p f v'v(s,t)zds>dt @)
n 2’ 0

where t; and r, are different time instants, § is defined as the
variational operator.
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For the first term of the Ej
15
En = /2 <8<%MW(N, t))v'v(N, t))dt

I3 ', |

+/ <5MW(N, HS(W(N, t)))dt

4]
t.
= /Z(MW(N, HS(W(N, 1)))dt
151

1
= - / z(MVV(N, NS(w(N, 1))dt.
1

For the second term of the Ej

15) N 1
Ep = / </ 8(—pv'v(s, t))v'v(s, t)ds)dt
131 0 2
%) N 1
~|—/ (/ —pw(s, H)S(w(s, t))ds)dt
n 0 2
%) N
= —/ (/ pw(s, HS(w(s, t))ds)dt.
1 0

So, combining (5) and (6), we obtain

1 t
/28Ekdt: —/2(MW(N, 1HS(w(N, 1)))dt
1 n

123 N
— / (/ pw(s, H)S(w(s, t))ds)dt.
151 0

The potential energy E, caused by bending is

t %) 1 N
f SEpdt = / 8(—EI f w”(s,t)2ds>dr
1 n 2 0
[2) 1 N
+ / 8(—T / w (s, t)zds>dt.
11 2 0

For the first term of the E),

%) N
/ EI/ w” (s, H)dw” (s, t)ds)dt
1 0

n

|

Ep

EIW' (N, )dw' (N, 1))dt

15
- / ’ (EMW" (N, dw(N, 1))dt

I

t N
+/ (EI/ w” (s, dw(s, t)ds)dt.
1 0

For the second term of the E),

I
Ep :fz (Tw/(s, 1SW(s, t)|’ov)dr

n

t N
- / (T/ w” (s, H)Sw(s, t)ds)dt
151 0

15
:/2 (Tw'(N, )éw(N, 1))dt
n

123 N
— / (T/ w” (s, H)Sw(s, t)ds)dt.
1 0

Combining (9) and (10), we obtain

1% 153
f SEpdt = / (EW' (N, 3w (N, 1))dt
1 n

15
- / ’ (EW" (N, dw(N, 1))dt

1

1) N

—|—/ <EI/ w" (s, HSw(s, t)ds)dt
tltz (])V

—/ <T/ w” (s, H)8w(s, t)ds)dt
11 0

[5)
) + / (Tw' (N, Hdw(N, 1))dt. (11)
n

The total imaginary work W of the riser consists of the
imaginary work done by the perturbation and the work done
by the control inputs that suppress the transverse vibration at
the boundary position, as

[5)
/ sWdt
n

(6) n pN
= / / (s, 1) — (s, £))8w(s, t)dsdt
n 0

t
+ / 2(u(t)+d(t) — dsw(N, 0))Sw(N, ndr.  (12)
131

According to the Hamilton principle fttlz((SEk — S8E, +
) SW)dt =0, (7), (11) and (12), it is obtained that

5]
/ (3Ex — 5E, + 5W)dr
n

n
__ / (Mis(N, D8 (w(N, 1)))dt
1

2 N .
® _/tl </0 pw(s, HS(w(s, t))ds)dt

15
+ / ’ (EW' (N, 3w (N, 1))dt

n

15
+ / ’ (EW" (N, dw(N, 1))dt

n

%) N
—/ <Elf w"' (s, Sw(s, t)ds)dt
n 0

t
_/2 (Tw (N, Sw(N, 1))dt
n

23 N
+/ (T/ w’ (s, )Sw(s, t)ds)dt
11 0

) N
+ / / (f(s, 1) — cw(s, 1)dw(s, Hdsdt
1 0
'
+ / " t) + () — dyv(N. 1)Sw(N. 1)t
—o " (13)
we obtain
pw(s, 1) — Tw'(s, ) + EW"' (s, ) — f(s, )
+cw(s, 1) =0 (14)
(10) W(0, 1) = w'(N, 1) = w(0,1) =0 (15)
Mio(N, 1) — EIW" (N, 1) + Tw' (N, 1) + dyWw(N, 1)
=u(t) +d(1). (16)
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The boundary positions w(V, ¢) are all limited to the region
—k. < w(N, 1) < k¢, where k. > 0 is a constant. Furthermore,
the initial condition is satisfied by —k, < w(N, 0) < k..

Assumption 1: Suppose there are two positive constants F
and D, satisfying |[f(s,1)| < F, |d(t)| < D ¥(s, ) € [0, N] x
[0, +00).

Since D is bounded and unknown, we need to estimate D.
Designate the estimation error of the external disturbance as

D=D-D (17)
where D is the adaptive law.

Define the boundary position error e(f) = w(N,t) — wy,
where w, represents the desired constant boundary vibration.

Assumption 2: There is a constant k; > 0 that satisfies

le(0)] = [w(N, 0) — wal < kp. (18)

To guarantee that the boundary position error converges
to the designated performance, we propose the following
performance function, drawing inspiration from [32]

B = (Bo — Bos)e ™ + Boo

where S(¢) is the performance function. By, B0, and [ are

adjustable bounded positive parameters. By > kp. That is, the

system achieves the desired performance when the boundary

position error e(f) < B().

For the convenience of controller design, the error transfor-
mation function is introduced as

PO _ o=

e =P G osw

19)

(20)

where ¢ (7) is the transformation error. After the inverse
transformation of (20), we get

1 (14w /B0)
v = Eln(l = e(r)/ﬁo))'

Control Objective: A boundary control strategy with tran-
sient performance is developed for the flexible riser (14) and
boundary conditions (15) and (16) to ensure that: 1) the
designed control scheme suppresses the vibration at the system
boundary and the constraints are not violated; 2) the position
error can converge quickly; 3) the boundary position w(, f)
can be bounded.

Lemma 1 [33]: There is G(s,t) € R V(s,1) € [0,N] x
[0, 00) satisfying G(0, ) = 0. So, we believe

N
G* <N / G?ds
0

2L

(22)

N

G? <N /0 GYds. (23)

Lemma 2 [34]: The inequality holds for & > 0 and D € R
D

0<|D|— Dtanh<g> < 0.2785¢. (24)

Lemma 3 [35]: Let Pi(s, 1), P2(s,t) € R with (s,1) €
[0, N] x [0, co), they must adhere to the following condition:

1
PPy < |P1Py| < =P 4 P)>.
e
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III. MAIN RESULTS

In this section, we present the detailed process of controller
design. Furthermore, the stability analysis is based on the
stability methods of PDEs.

Choose the Lyapunov function candidate as

G@) =Gi1(t) + G2(t) + G3(1) (25)

where

K wle(n]? 1 ) 1o,
Gi(t) = ;tan( % + 5M[y(t)] + ED (26)

1 N . 2 1 N 1 2
Gy (1) = Ep/O (s, H]°ds + 5EI/0 [w” (s, )] ds

1 N

+ 5T / [W (s, )] ds 27)
0
N
G3(t) = apf xw(s, OHW (s, t)ds (28)
0
where o > 0. Define an auxiliary item y(¢) as

y(®) =w N, 1) +apwN, 1) — aaw” (N, 1) (29

where a; > 0, a > 0.

Let w = ( [e(t)]2/2k§). The symbols (N, f) and (s, ) are
simplified to (N) and (s), respectively.

The time derivative of G(¢) is

G(1) = G1(1) + G2(t) + G3(0). (30)

The first-order derivative of (26) concerning time ¢ is

: k}% 2 7 . .
Gi(1) = —sec™u - — - 2e(1) - e(t) + My(1)y(1)
T Zkb
+bb .
= e(t)é(t)sec’ u + My(H)y(1) + DD. 31

Given that the boundary position error e(f) = w(N,t) —
wg, where wy is a constant, it follows that e(r) = w(V, ).
Equation (31) is denoted as

G1(t) = e(®)Ww(N)sec’ 1 + My(1)y(t) + DD. (32)

Combining (14) with (27), we can obtain the derivative of
G (1) as follows:

Gr(t) = —EIw(N)W" (N) + Tw(N)w' (N)
N N
+/ v'v(s)f(s)ds—c/ [v'v(s)]zds. (33)
0 0
The time derivative of (28) is
. N
Gi:(t) = oc,o/ sw(s)w' (s)ds
° N
+0{pf SW(S)W (s)ds. (34)
0

Substituting system (16) into the above, equation (34) can
be re-expressed as
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N
sw” ()W (s)ds

N
Gi(t) = oz,o/ sw(s)W (s)ds + ozT/
0 0

N N
+a / sf(s)W (s)ds — ac/ sw(s)w' (s)ds
0 0

N
—aEI/ W ()W (s)ds. (35)
0
Based on (35) and the boundary condition (15), it is
obtained that
G3(1) < — aEINW (N)w’”(N)
3aEl TN
_ 052 / [”()]d—}- [ (N)]
0
aT (N , 2 ,
— —/ [w (s)] ds—i—otN/ fW (s)ds
0
N
) /O BPds.  (36)

In combination with (32), (33), and (36), (30) is reformu-
lated as

G(l) < e(t)w(N)sec w + My(0)y(t) — EDv(N)w” (N)
+ DD + T Nw' (V) + / () (5)ds
0

— c/ [w(s))>ds — a EINW (N)W" (N)

TN 3aEI (N
Ol [ (N)]2 _ OlT [W//(S)]zds
N
_ % [w’(s)]zds +aN / F()W (s)ds
0

N
-% f [ (s) s + @[wwnz. 37
0

Using Lemma 3, the following relationships can be obtained

N N 1 N 2
/ W(s)f(s)ds < &1 / Dv(s)%ds + — / [f()] ds (38)
0 0 &1 Jo

N N
aN/ FW (s)ds < otN82/ [w’(s)]zds
0 0
oN
+_
& Jo

N 2
[f()]ds (39)

where ¢; > 0,i=1,2, 3.
Taking (38), (39) into (37), we can get
G(t) < e(Ww(N)sec>u + My(t)y(t) — EIw(N)
x w" (N) 4+ DD + Tw(N)w'(N)
”)
2

— aEINW (N)w" (N) — (c P
N N
X / [w(s)]ds — (ﬂ — ozN52> / [w’(s)]zds
0 2 0

1 aN\ [V 2 afN  , 2
+(;+g)/o [F©] ds—}—T[w(N)]

3aEl

N
N
[ ()]%ds + Z2= (V) 2. (40)
2 Jo 2
When constructing G(t) < —0OG(t) + 4, there exists a

coupling term —EIW(N)w” (N) that cannot be disregarded

during the PDEs computing process. In order to address this
challenge, we deform the defined auxiliary term y(#) to

EI EI
D] =

El
[W V] = =w (N\)w" (V)
2aias 2aia; ai

. " EI / .
— EIwN)W" (N) + —w (N)w(N)
a
Elay; ,, 2 Elaj_. 2
— N — W) ]-.
+ S W]+ 20y DY)
So, substituting (41) into (40), we get

(41)

Gt = e(t)v'v(N)seczu + My(t))')(t) +bb
+ [ 0]’ - [ ‘W]

EI i
[w( ) — _1[W Wik

Zaa

- ;iw (N)W(N) + Tw(N)w'(N)
2

ai

N
- (c —e1+ %)/é [ (s)]%ds

N
_ (ﬂ — OlNSz)/ [w’(s)]zds
2 0

3aEl
i [ "(s)]? ds+T[ W )]

1 aN\ [V 2
+ <E + g)/o [f(s)] ds

2
apN 2
+ [w(N)]~.

EI / n
+ (— + aEIN)w (NYW"(N)

(42)

Employing Lemma 3,
derived

the subsequent relations can be

e(W(N)sec? i < &3 [e(t)seczu]z n gi[v'u(N)]2 43)
3

B, . VEl . o El.,

— =W NWEN) < ——[Ww(HV)] +e4—[w (N)]” 44

ap &4 az az

EI ” EI
— + aEIN |W (N)w" (N) < &5 +aE1N
ai

<[w )] + é(a—l + aEIN) W' W] @5)

. / . 2 TN N 1/ 2
TN (N) = TegDvN) I + — / [W'(s)]"ds (46)
6 Jo
where ¢; > 0,i=3,...,6.

By invoking (43)-(46) and integrating them into (42), one
obtains

. 2
G < 83[e(t)secz,u] toua [ 0]

Ela; 1 Eles  apN .
- - —— — —— —Ts¢¢ [w(N)]2
2ap &3 a 2

_ (EI“Z ! (EI +aEIN>)[w/”(N)]2
2a; &5

EI EI EI oaTN
— —— —&s| —+aEIN | — —
2a1ay  are4 aj 2
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% [w/(N)] (c _ + / L (s)]2ds B <E1a1 1 Eles oapN

2an e3 ap 2
. aT N
+ My(t)y(t) — <7 - aNaz) X /0 [w (s)] ds —T86> V)2 — (EZIaz B i(E_I
al &5
3aEI TN\ (V. , 1  aN
== _ - EI EI
( 2 &6 > /0 [W (S)] ds + < &1 + & ) —i—otEIN))[WW(N)]2 - (
N 5 . 2ajay a284
ds + DD. 47 EI TN
« /0 [ ()]s + ) » (a_ . aEIN) B aT)[W/(N)]
Combining the boundary condition (16), (29) can be refor- 30&5] N N ,
mulated as ol G it [w'(s)] ds
&6 / Jo
My@) = MW (N) + ayMw(N) — a;MWw" (N) (D) = o
= M3/ (V) — ax M (N) + ay () + d(0) +y® tanh( p )D — oD
g " o T N
dsw(N) + EIwW"(N) — Tw (N)). (48) B <f¥_ _ aN82>/ [w’(s)]zds
. . . 2 0
Summarizing the above equations, we derive N
op . 2
. EI —lc—e1+— / [W(s)]“ds
G(@t) < e3 [e(t)seczu] + —[ ()] (2—6’1 ( 2 >N0
1 aN 2
1 Ele N . —+ — ds. 52
————4—&—%6 D) +<81+ 82>/0 s 62
&3 a 2 o
B <Ela2 B l(g + QEIN )[w/”(N)]Z By combining (24) and (52), we get
2a; es \ ap . EI 2
EI EI EI Gt < —(ki — [y®]" -k tanp
- — —— — &5 — +aEIN 2a1az
2a1ar azés4 aj (1)
aTN 2 . —ay(t tanh( >D+02785 aD
(MW" (N) + ay (u(®) + d(1) _ (E"” _ 1 _Elea  apN T%)
—dyv(N)+EIW" (N) — T/ (N))) 2y & @ 2
oT N 2 s — (B2 _ LB oy
- <7 _aN82>/ [W ()] ds e N o G
0
N 2 EI EI EI
op . 5 " N _ _ _ =
- (c —e 4 7) /0 [b(s))2dx x ] (Zalaz a2 €5<a1
1 N Lz aTN 2 - n
n <_ n ﬂ) / [F(s)]?ds + DD ~|—ozEIN> - T)[w’(N)] — DD
€1 €/ Jo N
3aElI TN oT
Y / [w”(s)]2ds. (49) + y(?) tanh(y( )) ( — OtN82>
2 £6 0 § 2
Th i D N 2 ap
en, the controller u(f) and the adaptive law D are X [w/ (s)] ds — (c —e + _)
designed as 0 2
. 1 / N 2 3aEl TN
u(t) = dyw(N) — ElW"' (N) + Tw' (N) X [W(s)]“ds — T
1 0 6
+— [—MW/(N) + aaMW" (N) — kiy(t) N 2 1  aN
ai x / [W"(s)] ds + < + —>
¥ 1 0 e e
— ajp tanh D+ — | —kotan nw N )
EVARED) X f [Fo)]ds. (53)
P _ =0 2 0
ﬂ(t)—sec nw (50) . S .
—& ¢ 4 =P Using Lemma 3, the parameter term —tDD in (52) is
A ¥ A rewritten as
D= apy(t) tanh —1tD (28 L . .
& D <-Ip*+ Lp. (54)
where 7 > 0. 2 2
Bring in (50) and (51), we can rewrite (49) as According to the Lemma 2 and (54), we can rewrite (52) as
El . EI
Gy < —(Iq - 2—>[y<t)] — kytan o G < - (Iq - K)[ym] — kytan o
EI 1 (EI
— ayy(#) tanh YONp 4 ayy()d(r) (=2 - —(Z +aEN) )W W]
£ 2a; &5\ a
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BB By kN Or=lopg=14+—2PN 67)
— — —e5| — +a =1-0= . .
2a1ay  ae4 > ap min(p, EI, T)
_aIN\ ., WP - 3aEl TN Further, according to (25), substituting (66) and (67), (65)
2 [W ] 2 6 can be written as
N
« / [W//(s)]st . (Ezlal _ l . Eley4 0 <01(G1 + G2) <G < O2(G1 + Gy). (68)
a/‘jN @os @ Combining (55) with (68), we have
. 2 .
T Tgﬁ) Lw@DF +0.27855a1D G(1) < —O3G1 (1) + Ga(0)] +9
< -0G#) +4 (69)

N
op X 5 aT
- (C—51 + 7)/0 [w(s)]"ds — (7
N
—aN82> / [w’(s)]zds + (i + ﬂ)
0 €1 &2
N T ~ T
x /0 )] ds 5D + 20
N
< — O] - ketan s — 0y /0 (s 12ds

N 2 N 2
- ns/o [W'(s)] ds — 174/0 [w"(5)] ds

_Iprgs (55)
2
where ay, ap, a, ki, ko > 0, g;(i=1,...,6) are chosen such
that
EI 1 EIL N
L e A Y (56)
2a2 £3 ar 2
Elay 1 (EI
——|—+4+aEIN) >0 (57)
2ay &5\ aj
EI El EI aTN
——— —&|—+aEIN)—— >0 (58)
2a1ay  arey ay 2
EI
ny = k1 — >0 (59)
ajay
n2=c—81+%>0 (60)
aTl
n3 = 5~ aNey >0 61)
3aEl TN
M= 250 (62)
2 &6
1 N\ [N .
5= <— + “-) / F2ds +0.27856a1D + ~D?
€1 1) 0 2
< +o00. (63)
Utilizing Lemma 1, (55) is rewritten as
apN (N /. 2
Ga@1 = 225 [ (bits. 0P + [/ 5.0 s
0
< 0Ga() (64)
where 6 = [apN/min(p, EI, T)] is a constant.
We can obtain the following by considering (64):
—0G2(1) < G3(t) < 0Ga(2). (65)

Select « to guarantee that 6 € (0, 1), hence satisfying the
following equations:

apN

O=1-=1-— >
min(p, EI, T)

0 (66)

where ©3 =
0 = (03/0,).

Remark 1: As stated in (9), B is the highest permissible
error of e(?) in a stable condition. The maximum overshoot
must not surpass S(0). Once the Lyapunov analysis theorem
proves that ¢ (¢) is bounded, the transient performance of e(?)
is guaranteed.

Theorem 1: Consider the flexible riser system (16) and
the boundary conditions (15) and (16). Under Assumptions 1
and 2, using the designed boundary controller (50) and the
adaptive law (51), the following properties are established.

1) The system boundary position w(N, f) satisfies the con-

straints and is bounded.

2) e(t) < B(?) holds the time, i.e., the system achieves the

prescribed performance.

Proof: Multiply both sides of (69) by ¢®’, and integrate the
equation to get

min([2n1/M], k2, 2n2/p), 3e, [2n3/T], T) and

G(t) < G(0)e ™ + %(1 —e . (70)

Utilizing Lemma 1 and ©1(G1 + G2 + G3) < G(t), we get

1 1 N 1
Wﬂw(s)ﬁ <0 /0 [(s)]%ds < Gp(1) < ®—10<t). (71)

According to (70) and (71), we get

2N 8
w(s)| < \/ o (G((»e@f + 5= e@’)>- (72)

Further, we obtain

2N§

010"

The boundedness of the system’s kinetic and potential
energies lead to the conclusion that Gi is bounded. When
G| — o0, |e(t)| — kp. And |e(t)| # kp. Through the definition
of G, we can obtain |e(t)| < kp. Since e(t) = w(N,t) —
wy, it further follows that |w(N, f)| < |wg| + kp. That is, the
system boundary position w(N, f) satisfies the bounds of the
constraint.

Since G(r) is bounded, ¢ () is bounded. Further, |e(?)| <
B(t) holds. Consequently, the boundary positions converge to
the specified region at the specified rate.

Furthermore, the process of selecting the appropriate param-
eters ki and ky is as follows. First, calculate a carefully
appropriate k; to satisfy the condition n; > 0 mentioned
in (59). In the simulation part, after selecting an appropriate
k1, the value of k; is adjusted to improve the transient response
of the system. |

Am jw(s)] < (73)

Authorized licensed use limited to: Anhui Polytechnic University. Downloaded on March 24,2025 at 23:47:48 UTC from IEEE Xplore. Restrictions apply.



This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.

w(s,t)(m)

Fig. 2.  Trajectories of elastic deflection w(s, ) without control.
gy
|
60
80 20
s (m) 100 ¢ Time (s)
Fig. 3.  Trajectories of elastic deflection w(s, f) under controller (50).

IV. SIMULATION EXAMPLES

Considering the flexible riser system (14)—(16) modeled
by PDEs, the backward difference method is used to verify
the control performance of the system. To better demonstrate
the applicability of the proposed method, two examples are
presented below.

A. Flexible Riser Systems With Different Transient Properties

We not only compared the effects of various performance
functions on the system in this example, but also contrasted
our proposed method with the approach presented in [22].

The relevant parameters of the system are p = 500 kg/m,
h =100 m, EI = 1.5%10° N/m?, T = 3% 10’ Ns/m, M = 10°
kg, d; = 100 Ns/m and ¢ = 3 Ns/m?. The parameters are
selected as a; = 26, ap = 1.1, £ = 20, e3 = 0.02, T = 0.5,
kp =100, k; = 0.011, k» = 0.07.

Three performance functions are selected to prepare for the
simulation, comparing the effects of Sy and [/ in (19) on the
controller, respectively, i.e.,

B(t) = (90 — 2)e~2*1077 4 2
Bi() = (50— 2)e 2107 42

B(1) = (90 — 2)e=2¥1071 1 o
Ba(1) = (90 — 2)e— 01071 4 o~

The current distribution disturbance f(s, 1) = (sin(10*7mst)
+cos(2 10% s1) +sin(3% 10% 7 s1) + 10%) /(100h). The external
boundary disturbance d(¢) = (2sin(5¢) + 3sin(2¢)) * 103,

Figs. 2 and 3 show the positions w(s, ¢) of the system with
and without control. Through image comparison, it can be

IEEE TRANSACTIONS ON SYSTEMS, MAN, AND CYBERNETICS: SYSTEMS
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Fig. 4. Trajectory of the boundary position w(N, f).
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Fig. 5.  Trajectory of the auxiliary item y(f).
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Fig. 6.  Trajectory of the adaptive law D.

observed that position w(s, f) rapidly converges to the intercell
zero with control, and the convergence rate is significantly bet-
ter than that without control, demonstrating the effectiveness
of the control. Fig. 4 shows the trajectory of boundary position
w(N, t) when the parameters are unknown. It can be seen that
w(N, t) quickly stabilizes within 5 s, achieving good control
performance. Fig. 5 shows the designed auxiliary item y(7).
Fig. 6 shows the adaptive law D. It can be observed that these
trajectories tend to stabilize within a short period of time.
Fig. 7 shows the error after transformation. We make two
comparisons of the error after the transformation. In Group
1, the red line represents the change trajectory under B(¢) =
(90 — 2)e~ % 107 +2, and the green line represents the change
trajectory under B1(f) = (300 — 2)672*]0731 + 2. It is clear
that the red trajectory is better than the green trajectory. In
Group 2, the red line represents the change trajectory under
B = (90 — 2)6_2*10731 + 2, and the green line represents
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Fig. 7. Trajectory of the error after transformation ¢ (7).
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Fig. 8. Trajectory of boundary controller u(¢) under [22] and proposed

control method.
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Fig. 9. Trajectory of boundary position error e(¢) under [22] and proposed
control method.

the change trajectory under B,(r) = (90 — 2)6_6*107% + 2.
Again, it is clear that the red trajectory is better than the green
trajectory. By comparing the two groups, it can be concluded
that the designed error after transformation is optimal when
Bo is smaller and [ is smaller in B(¢) = (Bp — ﬁoo)e_l’ + Boo-

To demonstrate the enhancement in control efficacy facili-
tated by transient performance control, we compared it with
the method proposed in [22]. Figs. 8 and 9 compare the
controller and error in [22] with the proposed control method,
respectively. The red line in the figures shows the adaptive
boundary control in [22], while the blue line represents the
adaptive boundary control with transient performance under
the proposed control method. It can be observed that the
boundary controllers are fundamentally consistent in Fig. 8.
Compared to the case where transient performance is not
considered, the error under the proposed control methodology

i o

iy

4 | I

10y Time ()

(b)

Fig. 10. Trajectories of elastic deflection w(s, ) for different external
disturbances under controller (50). (a) Under d;. (b) Under d.

100

y position w(N,t) under d
on w(N, ) under dz | {

Time(s)

Fig. 11.  Trajectories of the boundary position w(N, t) for different external
disturbances.

reaches steady-state more rapidly and exhibits a lower steady-
state value in Fig. 9.

B. Flexible Riser Systems With Different External
Disturbances

This section considers performance function and different
external disturbances.

The performance function is selected as B(f) =
90 — 10)6_2*107% + 10. The current distribution disturbance
f(s, 1) is shown in [36]. The external boundary disturbances

di () = (0.5sin(0.7¢) + 0.8c0s(0.7¢) + 0.2sin(0.31)) * 102
do () = (2sin(5f) + 3cos(20)) * 10°.

The parameters are selected as a; = 26, ap = 1.1, & = 2,
e3 =0.02, T = 0.5, k = 100, k; = 0.011, kp = 0.07.

Fig. 10 shows the variation of the flexible riser position
w(s, t) under the controller (50) proposed in this article for
different external disturbances and transient performance. The
comparison of the images indicates that the position w(s, f)
can converge and stable swiftly after adopting the control
strategy proposed in this article. Fig. 11 shows the trajectory
of the boundary position w(N,t) under different external
disturbances. It can be observed that, although different exter-
nal disturbances can impact the flexible riser system in this
design scheme, the proposed controller effectively ensures
that the system converges to the specified area at the desired
rate.

Fig. 12 shows the designed auxiliary item y(7).
Fig. 13 shows the adaptive law D. Fig. 14 shows the
boundary controller u(¢) in (50). Fig. 15 displays the boundary
position error e(f) and their constraint boundaries during
transient performance. These trajectories demonstrate a rapid

Authorized licensed use limited to: Anhui Polytechnic University. Downloaded on March 24,2025 at 23:47:48 UTC from IEEE Xplore. Restrictions apply.



This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.

10
2000 T
‘ The auxiliary item y () under d;
——— The auxiliary item y () under dy
1000
[
0 $
-1000 \
-2000 50
-3000
0
-4000
0
-5000
238 24 242 244
-6000 -
0 10 20 30 40 50
Time(s)
Fig. 12. Trajectories of the auxiliary item y(r) for different external
disturbances.
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Fig. 13. Trajectories of the adaptive law D for different external disturbances.
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Fig. 14.  Trajectories of the boundary controller u(¢) in (50) for different
external disturbances.
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Fig. 15. Trajectories of the boundary position error e(#) and constraint
bounds for different external disturbances.

stabilization tendency. It can be concluded that the proposed
control method remains effective under different external
disturbances and performance function.

IEEE TRANSACTIONS ON SYSTEMS, MAN, AND CYBERNETICS: SYSTEMS

V. CONCLUSION

The boundary state constraint problem of an ocean riser
system based on PDEs modeling has been addressed in
this article to ensure transient performance and disturbance
rejection. The adaptive control scheme that suppresses elastic
deflection vibration has been proposed to ensure fast tracking
of boundary position errors and achieve desirable transient
performance. A novel boundary controller and adaptive law
based on the tangent BLF have been designed to ensure
signal bounding and restrict the boundary position error within
its constraint range. Finally, the above scheme has been
further validated by MATLAB simulations. It is noted that
only constant constraints have been considered in this article.
Future research will explore time-varying constraints and
practical experimental results. We are planning to create a
ship-based platform in the future to validate the effectiveness
and applicability of the proposed method.
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